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What is a Regular Black Hole?

▪ Characteristics of a regular black hole:

I. Singularity inside horizon replaced by a regular core

II. Other characteristic surfaces exist

III. Can be generated from Einstein equation in presence of matter

▪ Regular metric can be checked through:

I. Regularity of scalar invariants  

II. Geodesic completeness 
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Some Notable Proposal of Regular Black Holes 

J. M. Bardeen, “Non-singular general-relativistic gravitational collapse”, in Proceedings of  International Conference GR5 , 1968, Tbilisi, USSR

 𝒅𝒔𝟐 = − 𝟏 −
𝟐𝑴𝒓𝟐

𝒓𝟐+ 𝟐𝑴𝒍𝟐 𝟐/𝟑 𝟑/𝟐 𝒅𝒕𝟐  + 𝟏 −
𝟐𝑴𝒓𝟐

𝒓𝟐+ 𝟐𝑴𝒍𝟐 𝟐/𝟑 𝟑/𝟐

−𝟏

𝒅𝒓𝟐  +  𝒓𝟐 𝒅𝜽𝟐 + 𝒔𝒊𝒏𝟐 𝜽 𝒅𝝋𝟐

Bardeen regular BH

S. A. Hayward, “Formation and evaporation of regular black holes,” Phys. Rev. Lett. 96 (2006) 031103

  𝒅𝒔𝟐 = − 𝟏 −
𝟐𝑴𝒓𝟐

𝒓𝟑+𝟐𝑴𝒍𝟐 𝒅𝒕𝟐 + 𝟏 −
𝟐𝑴𝒓𝟐

𝒓𝟑+𝟐𝑴𝒍𝟐

−𝟏

𝒅𝒓𝟐 + 𝒓𝟐 𝒅𝜽𝟐 + 𝒔𝒊𝒏𝟐 𝜽 𝒅𝝋𝟐

Hayward regular BH

𝑙2 = 0,      ⇒ −𝑔𝑡𝑡 = 𝑔𝑟𝑟 = 1 −
2𝑀

𝑟
 ,      ⇒   Standard Schwarzschild solution
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A New Proposal of Regular Geometry and Features
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𝒅𝒔𝟐 = − 𝟏 −
𝒃𝟎

𝟐 𝒓𝟐

𝒓𝟐+𝒈𝟐 𝟐  𝒅𝒕𝟐 + 𝟏 −
𝒃𝟎

𝟐 𝒓𝟐

𝒓𝟐+𝒈𝟐 𝟐

−𝟏

𝒅𝒓𝟐 + 𝒓𝟐 𝒅𝜽𝟐 + 𝒅𝝓𝟐

▪ 𝑔2= regularization parameter;  𝑔2  =  0, ⇒ Mutated Reissner-Nordstrom Geometry 𝑀 = 0  with imaginary charge

𝒅𝒔𝟐 = − 𝟏 −
𝒃𝟎

𝟐

𝒓𝟐
 𝒅𝒕𝟐 + 𝟏 −

𝒃𝟎
𝟐

𝒓𝟐

−𝟏

 𝒅𝒓𝟐 + 𝒓𝟐 𝒅𝜽𝟐 + 𝒅𝝓𝟐

▪ 𝑟 → 0,  −𝑔𝑡𝑡= 𝑔𝑟𝑟 ≈ 1 −
𝑏0

2

𝑔4 𝑟2    ⇒  a de-Sitter core   and 𝑟 → ∞ asymptotically flat

A. Kar and S. Kar, “Novel regular black holes: geometry, source and shadow”, arxiv: 2308.12155
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Horizon location:

    −𝑔𝑡𝑡 = 𝑓 𝑟 = 1 −
𝑏0

2 𝑟2

𝑟2+𝑚2𝑏0
2 2 ;      𝒈𝟐 = 𝒎𝟐𝒃𝟎

𝟐

Horizon at, −𝑔𝑡𝑡= 𝑓(𝑟) = 0 ;

                   𝒓𝟐 + 𝒎𝟐𝒃𝟎
𝟐 𝟐

−𝒃𝟎
𝟐𝒓𝟐 = 𝟎

▪ 𝑚2 = 0      singular RN-type solution, horizon at 𝑟 = 𝑏0

▪ 0 < 𝑚2 < 0.25     a family of regular BH having two horizons

▪ 𝑚2 = 0.25    extremal regular BH with single horizon

▪  𝑚2 > 0.25      a regular space time without horizon



Proof of the regularity 

1. Curvature invariant:

▪ Ricci scalar:         𝑅 =
12𝑏0

2 𝑔4−𝑔2𝑟2

𝒓𝟐+𝒈𝟐 𝟐 ; 

▪ Ricci contraction:    𝑅𝜇𝜈𝑅𝜇𝜈 =
4𝑏0

4 9𝑔8−18𝑔6𝑟2+34𝑔4𝑟4−10𝑔2𝑟6+𝑟8

𝒓𝟐+𝒈𝟐 𝟖 ; 

▪ Kretschmann scalar: 𝐾 =
8𝑏0

4 3𝑔8−6𝑔6𝑟2+34𝑔4𝑟4−22𝑔2𝑟6+7𝑟8

𝒓𝟐+𝒈𝟐 𝟖

 𝒓 → 𝟎 all the curvature scalars reaches a finite value
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2. Completeness of all causal geodesics:

▪ Radial timelike geodesics:

𝒈𝒕𝒕 ሶ𝒕𝟐 + 𝒈𝒓𝒓 ሶ𝒓𝟐 = −𝟏

▪ Conserved quantity; 𝐸 = −𝑔𝑡𝑡 ሶ𝑡;             ሶ𝒓𝟐 = 𝑬𝟐 − 𝟏 +
𝒃𝟎

𝟐𝒓𝟐

𝒓𝟐+𝒈𝟐 𝟐 = 𝑬𝟐 − 𝑽𝒆𝒇𝒇 𝒓

For more details  T. Zhou and L. Modesto, “Geodesic incompleteness of some popular regular black holes”, Phys. Rev. D 107, 044016 (2023)  

𝑽𝒆𝒇𝒇 𝒓 = −𝒈𝒕𝒕 = 𝟏 −
𝒃𝟎

𝟐𝒓𝟐

𝒓𝟐+𝒎𝟐𝒃𝟎
𝟐 𝟐

▪ Affine parameter:                 𝝀 𝒓 = ׬
𝒅𝒓

ሶ𝒓𝟐

▪ Everywhere finite behaviour of −𝑔𝑡𝑡 in the entire domain of ‘𝑟’ 

from −∞ to +∞    a Geodesically complete spacetime 
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Energy-momentum tensors and energy conditions:

▪ Einstein’s equation   𝐺𝛽
𝛼 = 𝜅𝑇𝛽

𝛼 , 

𝑻𝒕
𝒕 = 𝑻𝒓

𝒓 = −
𝟑𝒈𝟐 − 𝒓𝟐 𝒃𝟎

𝟐

𝜿 𝒓𝟐 + 𝒈𝟐 𝟑
=  

𝒃𝟎
𝟐𝒓𝟐

𝜿 𝒓𝟐 + 𝒈𝟐 𝟑
 − 𝟑𝒈𝟐

𝒃𝟎
𝟐

𝜿 𝒓𝟐 + 𝒈𝟐 𝟑

𝑻𝜽
𝜽 = 𝑻𝝓

𝝓
= −

𝟑𝒈𝟒 − 𝟖𝒈𝟐𝒓𝟐 + 𝒓𝟒 𝒃𝟎
𝟐

𝜿 𝒓𝟐 + 𝒈𝟐 𝟒
=  −

𝒓𝟐 𝒓𝟐 − 𝟐𝒈𝟐 𝒃𝟎
𝟐

𝜿 𝒓𝟐 + 𝒈𝟐 𝟒
− 𝟑𝒈𝟐

𝒈𝟐 − 𝟐𝒓𝟐 𝒃𝟎
𝟐

𝜿 𝒓𝟐 + 𝒈𝟐 𝟒

▪ Now, total energy-momentum tensors:

Energy conditions Range of validation

NEC 𝒓𝟐 ≤ 𝟓𝒈𝟐

WEC 𝐫𝟐 ≤ 𝟑𝐠𝟐

SEC 𝟒 − 𝟏𝟑 𝐠𝟐 ≤ 𝐫𝟐 ≤ 𝟒 + 𝟏𝟑 𝐠𝟐

DEC 𝐫𝟐 ≤ 𝐠𝟐

Violates NEC & WEC
Satisfies NEC & WEC



Matter sources of the geometry
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1.  Nonlinear electrodynamics:

𝑺 = ׬ 𝒅𝟒𝒙 −𝒈 𝑹 −  𝑳𝟏 𝑭  −  𝑳𝟐 𝑭  ;      

                                                                                 NEC & WEC      

▪ Energy-momentum tensor corresponding to 𝐿1 𝐹  and 𝐿2 𝐹

 𝑻(𝒊)
𝝁𝝂 = 𝟐

𝝏𝑳(𝒊)

𝝏𝑭
𝑭𝝁𝜶𝑭 𝝂

𝜶 −
𝟏

𝟒
𝒈𝝁𝝂 𝑳(𝒊)(𝑭) ;  𝑖 = 1,2

▪ Covariant equation of motions:  

 𝑮𝜶𝜷 = 𝜿 σ𝒊 𝑻(𝒊)
𝜶𝜷;         𝜵𝝁

𝝏𝑳(𝒊)

𝝏𝑭
𝑭𝝁𝝂 = 𝟎

𝐅 = 𝐅𝛂𝛃𝐅𝛂𝛃,      

 𝐅𝛂𝛃 = 𝛛𝛂𝐀𝛃 − 𝛛𝛃𝐀𝛂



▪ We choose following forms of 𝐿1(𝐹) and 𝐿2 𝐹 :

 𝐋𝟏 𝐅 = −
𝛄 𝐅

𝟏+𝛈 𝐅
𝟑  &  𝐋𝟐 𝐅 =

𝟑 𝛄 𝛈 𝐅 ൗ𝟑
𝟐

𝟏+𝛈 𝐅
𝟑

▪ As Tt
t = Tr

r and Tθ
θ = Tϕ

ϕ
     𝐅 = 𝟐𝐅𝐭𝐫𝐅𝐭𝐫 + 𝟐𝐅𝛉𝛟𝐅𝛉𝛟;  only  Ftr ≠ 0, Fθϕ ≠ 0

▪ A magnetic solution with 𝐹𝜃𝜙 = −𝑞 sin 𝜃 , and  𝛾 =
𝑏0

2

𝜅𝑞2 ,  𝜂 =
𝑔2

2𝑞2
:  

 Satisfy EOM;   𝑮𝜶𝜷 = 𝜿 σ𝒊 𝑻(𝒊)
𝜶𝜷

▪ So, total Lagrangian density:       𝐋 𝐅 = 𝑳𝟏 𝑭 + 𝑳𝟐(𝑭) = −
𝛄𝐅(𝟏−𝟑𝛈 𝐅)

𝟏+𝛈 𝐅
𝟑  

▪ Note, 𝑔2 = 0 or, 𝜂2 = 0  Singular RN-type solution 

𝐋 𝐅 = −𝛄𝐅   linear electrodynamics       Expected
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▪ Nonlinear Maxwell-like equations for a given 𝐿(𝐹);

𝛁𝛍𝐅𝛍𝛖 + ൗ
𝛛𝟐𝐋

𝛛𝐅𝟐

𝛛𝐋

𝛛𝐅
𝛛𝛍𝐅 𝐅𝛍𝛖 = 𝐉𝐞

𝛖 &     𝛁𝛍
෨𝐅𝛍𝛖 = 𝐉𝐦

𝛖

▪ Here, 𝐹𝜃𝜙 = −𝑞 sin 𝜃;  therefore Je
υ = 0,0,0,0  and  Jm

υ = 𝐪𝛅 𝐫 , 0,0,0

A nonlinear magnetic monopole at 𝒓 = 𝟎 supports our geometry

2. Brane-world gravity:

▪ A new kind of decomposition of energy-momentum tensor:

𝐓𝐭
𝐭 = 𝐓𝐫

𝐫 =
𝐛𝟎

𝟐𝐫𝟐

𝛋 𝐫𝟐 + 𝐠𝟐 𝟑
 −

𝟑𝐠𝟐𝐛𝟎
𝟐

𝛋 𝐫𝟐 + 𝐠𝟐 𝟑

𝐓𝛉
𝛉 = 𝐓𝛟

𝛟
=  −

𝐛𝟎
𝟐𝐫𝟐

𝛋 𝐫𝟐 + 𝐠𝟐 𝟑
 − 𝟑𝐠𝟐𝐛𝟎

𝟐 𝐠𝟐 − 𝟑𝐫𝟐

𝛋 𝐫𝟐 + 𝐠𝟐 𝟒
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tracefree part extra matter, satisfies NEC,WEC



▪ Einstein equation on the four-dimensional 3-brane:  R. Maartens and K. Koyama, Living Rev. Relativ. 13, 5 (2010)

𝑮𝜶𝜷 = − 𝜦𝒈𝜶𝜷 +  𝜿 𝑻𝜶𝜷 +  𝟔
𝜿

𝝀
 𝑺𝜶𝜷 − 𝓔𝜶𝜷

▪ A large brane tension 𝜆 and a zero Λ leads:

𝑮𝜶𝜷 = 𝜿𝑻𝜶𝜷 − ℇ𝜶𝜷

▪ −ℇ𝜶𝜷 model the trace free part of energy-momentum tensors

▪ Therefore, a suitable matter on the brane satisfies NEC & WEC and can model the spacetime. 
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Quadratic stress energy 

on the brane

Traceless geometric quantity 

controlled by extra dimensionOn-brane matter



Shadow radius of our RBH and observational constraints

▪ The circular shadow profile of our static regular black hole:

𝒓𝒔𝒉
𝟐 =

𝒓𝒑𝒉
𝟐 𝒓𝒑𝒉

𝟐  + 𝒈𝟐
𝟐

𝒓𝒑𝒉
𝟐 + 𝒈𝟐

𝟐
 − 𝒓𝒑𝒉

𝟐  𝒃𝟎
𝟐
;      𝒈𝟐 = 𝒎𝟐𝒃𝟎

𝟐   

▪ Observed angular diameter of 𝑀87∗ is 𝜙 = 42 ± 3  𝜇𝑎𝑠; and distance from observer 16.8 ± 0.8  𝑀𝑝𝑐 
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❖          Parameter values    

 corresponding to 𝜙 = 42 𝜇𝑎𝑠

❖          Parameter values for RBH

❖          Parameter values for            

 horizonless compact object



Summary of the constraints on 𝒃𝟎 from shadow of 𝑴𝟖𝟕∗ and 𝑺𝒈𝒓 𝑨∗

Massive 

object Distance from the observer
Angular diameter of 

the shadow (𝝁𝒂𝒔)
Constraints on 𝒃𝟎 

for regular BH

Unit 

of 𝒃𝟎

𝐌𝟖𝟕∗
16.8 Mpc

Steller population measurement

M. Cantiello et al., Astrophys. J. Lett. 854 (2018)

𝟒𝟐 ± 𝟑 ∗ 𝟏𝟔. 𝟎𝟓 < 𝒃𝟎 ≤ 𝟐𝟐. 𝟐𝟐
109𝑀⨀

𝟒𝟏. 𝟓 ± 𝟎. 𝟔 ∗∗ 𝟏𝟔. 𝟖𝟑 < 𝒃𝟎 ≤ 𝟐𝟎. 𝟕𝟖

𝑺𝒈𝒓 𝑨∗

8277 pc
Gravity Collaboration

R. Abuter et al., Astron. Astrophys. 657, L12 (2022)

𝟒𝟖. 𝟕 ± 𝟕 ∗∗∗

(Shadow diameter)

𝟖. 𝟒𝟔 < 𝒃𝟎 ≤ 𝟏𝟑. 𝟓𝟓

106𝑀⨀

𝟓𝟏. 𝟖 ± 𝟐. 𝟑 ∗∗∗

(ring diameter)
𝟏𝟎. 𝟎𝟑 < 𝒃𝟎 ≤ 𝟏𝟑. 𝟏𝟔

7935 pc   (Keck team)

T. Do et al., Science 365 no.6454, (2019)

𝟒𝟖. 𝟕 ± 𝟕 𝟖. 𝟏𝟏 < 𝒃𝟎 ≤ 𝟏𝟐. 𝟗𝟗

𝟓𝟏. 𝟖 ± 𝟐. 𝟑 𝟗. 𝟔𝟐 < 𝒃𝟎 ≤ 𝟏𝟐. 𝟔𝟏
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*   K. Akiyama et al., Astrophys. J. Lett. 875, L1 (2019)

**   L. Medeiros et al., Astrophys. J. Lett. 947, L7 (2023)

***   K. Akiyama et al., Astrophys. J. Lett. 930, L12 (2022)



Summary

• A new regular black hole metric is proposed :

 𝒅𝒔𝟐 = − 𝟏 −
𝒃𝟎

𝟐 𝒓𝟐

𝒓𝟐+𝒈𝟐 𝟐  𝒅𝒕𝟐 + 𝟏 −
𝒃𝟎

𝟐 𝒓𝟐

𝒓𝟐+𝒈𝟐 𝟐

−𝟏

𝒅𝒓𝟐 + 𝒓𝟐 𝒅𝜽𝟐 +  𝒅𝝓𝟐

• The family of regular black holes seem to satisfy all the energy conditions in a specific range of r.

• The source is discussed as a nonlinear magnetic monopole, as well as in the context of Brane-world gravity.

• The shadow profile of the RBH is studied and compared with observational results.
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Thank  You
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